
 

Abstract— chaotic behavior of dynamical systems can be 

utilized in many applications such as secure communication 

systems, heart arrhythmias, and chemical reactors. In this 

regard, they are required to be regulated and synchronized 

with desired references and obtain specific functionality. This 

paper introduces the application of an input-output controller 

to synchronize the Chen chaotic system with desired references. 

Adaptive techniques are applied for gain adaptation and the 

system is controlled to track arbitrary trajectories. The 

performance of the control is compared with other types of 

controllers.   

I. INTRODUCTION 

YNAMICAL systems under specific conditions show 

chaotic behavior which often possess a wideband 

power spectrum and random characteristics in time domain 

[1]. Chaotic systems are very sensitive to the initial 

conditions such that a very small perturbation results in a 

large variation in their behavior. 

Chaotic behavior of dynamical systems can be utilized in 

many applications if they are required to follow a desired 

pattern such as secure communication systems where a 

random modulation is required and must be synchronized at 

both ends of the communication transmission line [2]. 

Control and synchronizing techniques are required to 

provide a fast and accurate trajectory controls for these types 

of applications. Chaotic system mainly possess high order 

(>2) nonlinear dynamics which can better be controlled by 

nonlinear control approaches. The performance of the 

control depends on the power of the controller and its ability 

to follow the sudden variations. A suitable controller ideally 

contains a simple structure and requires minimum 

information about the system under control. It generates 

minimum control command and controls the plant in a short 

time. It should be robust against the plants parameter 

variations. Several techniques are recommended for control 

of chaotic systems such as stochastic control, Lyapunov 

methods, robust feedback control, and feedback 

linearization, feedback control of bifurcation, variable 
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structure control techniques [3] and passive control 

techniques [4]. These techniques mainly depend on the 

system parameters and state variables which require accurate 

modeling and state observers.   

This paper utilizes a new input-output controller with a 

new adaptation technique and a model to synchronize the 

plant’s output (chaotic system) with that of the model or an 

arbitrary reference. Chen chaotic system with almost the 

same structure as Lorenz attractor (dual of the Lorenz [5]) is 

studied and used for synchronization technique. The 

controller is applied to control the output of the reference 

with that of the plant excited at different initial conditions.  

The paper is organized as follows: the next section is an 

introduction to Chen chaotic system, and in section 3 the 

controller structure is illustrated. Simulation results and 

tracking performance are discussed in section 4.  

II. CHEN CHAOTIC SYSTEM 

The dynamics of the Chen chaotic system is described as 

follows [5]: 
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Chaotic behavior occurs when a=35, b=3, and c=28. The 

structure of the Chen chaotic system is almost similar to that 

of the Lorenz attractor where the chaotic behavior occurs at 

a=28, b=8/3 and c=10.  

The Chen dynamical system shows three sets of fixed 

points which result in saddle node and unstable spirals 

described as follows: The fixed point at the origin results in 

the eigenvalues (-0.8359), (23.8359), and (-3), implying a 

saddle node. Two other fixed points share the eigenvalues at 

(-18.4280), and (4.2140 ±14.8846i) since the real parts of 

these eigenvalues are positive; the linearization theory 

predicts these fixed points to be unstable spirals. The 

system’s chaotic behavior at the unit initial condition is 

shown in Figure 1. For control purposes, the original 

nonlinear system is being controlled by applying a control 

command )(tu to the z-axis of the system as follows [4]: 
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The system’s chaotic behavior is shown in Figures 2 and 3.
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Fig. 1.  Chaotic behavior of the Chen system in x, y, and z-axes. 

   
Fig. 2.  2D Chaotic behavior of the Chen system respect to different axes. 

 
Fig. 3. 3-D chaotic behavior of Chen system. 

 

Definition 1: The Chen chaotic system is minimum phase 

if it has relative degrees ,...1,1 . 

Definition 2: Two chaotic systems are synchronized if the 

error dynamic system between their outputs is asymptotically 

stable [2].  

In this paper, we consider one of the chaotic systems as 

model reference and the other as a plant to be controlled. 

The control objective is to synchronize these two systems 

while they start at different initial conditions. The other 

control objective is to be able to synchronize any state 

parameters of the chaotic system with an arbitrary reference. 

III. SYNCHRONIZATION TECHNIQUE 

The control command to the z-axis of the Chen chaotic 

system can be defined as follows: [6] 

 

rkyykyku rmpepp  )(              (7) 

 

where per kkk ,, are the controller coefficients and are being 

adjusted according to the gain adaptation techniques, and 

pm yy , which are the model reference and plant’s output 

signals. Any of the system state variables can be chosen as 

an output. r is defined as the model reference input. In a 

perfect tracking condition, the coefficients of per kkk ,,  are 

chosen such that the zero error conditions hold. Estimations 

of these coefficients are introduced as per kkk ˆ,ˆ,ˆ
and result 

in the equivalent control command as follows:  

rkekyku reppeq
ˆˆˆ                           (8) 

 

where control gain coefficients are updated according to the 

following adaptation techniques: 
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with 00 P is a positive value and s is defined as the sliding 

surface 0Ges  in which G is the switching gain matrix 

and mp yye  is the tracking error. 

Seeking zero error conditions the switching matrix can be 

considered as identity value. The proof of stability is 

introduced in [8]. 



 

 

 

IV. SIMULATION RESULTS 

As mentioned earlier, the chaotic systems were excited 

initially at different values. First, the systems were allowed 

to oscillate individually for 0.5 seconds. The output of the 

chosen axes oscillated differently as shown in Figure 4. Then 

(at t=0.5) the control command was applied to the plant to 

force its output track the desired reference signal. The 

synchronization and tracking profile of the x-axis of the plant 

with the y-axis of the model is shown in Figure 4. The 

synchronization is completed in less than one second. Figure 

5 shows the tracking error and the adaptation process. At 

higher adaptation gains, faster adaptation occurs which 

requires higher control efforts.  

For an arbitrary reference signal (not chaotic), the 

adaptation time is less than 0.2 seconds. Figure 6 shows the 

tracking profile for an arbitrary reference signal. The control 

command was applied at time 0.5 second, and before that 

systems were oscillated differently.  

 
Fig.4. The synchronization is completed in less than a 0.8 sec. The synchronization time is at t=0.5 sec. The controller is turned on and 

applied to the system to synchronize the Yd and Xr. 

 
Fig. 5. The synchronization error and its stability. As time increases the synchronization, error reaches zero.  
 

 
Fig. 6. Synchronization with an arbitrary reference. The controller is switched on at time t=0.5 sec and is forced to follow an arbitrary sine 

wave. The x-axis output of the response system tracks the variations of the reference and is synchronized with the reference signal in tile 

less than 0.2 seconds. 
 



 

 

 

 
Fig. 7. Synchronization Error of an arbitrary reference. The synchronization time is shown, the error reaches zero in a short time. 

 

Xiaoxin Liao et. al, have reported an error dynamic 

analysis approach in which the same state variables of the 

Chen chaotic system have been synchronized [5]. In the new 

synchronization approach, the synchronization time for x-

state variable is much shorter than that of reported in [5]. 

Moreover, the synchronization of different axes was 

applicable. Synchronization of Chen chaotic system with an 

arbitrary reference shows the flexibility of the controller.  

CONCLUSION 

 

A new controller-synchronizer was designed for the Chen 

chaotic system. The controller made use of a new adaptation 

law for its parameter adjustment. The controller was applied 

to synchronize the Chen chaotic system with the output of 

another identical chaotic system and with an arbitrary 

trajectory. A comparison with other controllers showed a 

faster and more accurate controller with more degrees of 

freedom in synchronization. 
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