
  

Abstract— Electrostatic force generation in MEMS Lateral 
Comb Resonators is not a function of the distance of the stationary and 
the moving plate (shuttle) in the direction of the movement. However, 
manufacturing imperfections and sometimes faulty conditions make 
the device operate asymmetrically which cause the rotational 
movement, orthogonal to the conventional direction of movement and 
put the device in unstable region of operation. In this case, the rotated 
lateral moving plate experiences an extra force generated which pulls 
the device into the region of instability. This paper illustrates the 
application of variable structure controllers to correct such behavior 
and to compensate the uncertainties exist in the microsystem 
parameters. The controller is composed of a self-tuning parameter 
estimation block and is designed to control Lateral Comb Resonators 
under healthy and faulty conditions. The controller utilizes through 
wafer optical monitoring techniques to provide position feedback 
signal. The controller is implemented in the real-time control board 
and is experimentally tested to demonstrate the effectiveness of the 
control under different operating conditions. 

I. INTRODUCTION 
 
ateral Comb Resonators are used in many applications ranging 
from Gyroscopes to drivers of micro scale devices and 

systems. Usually comb resonators move laterally in and out of the 
stationary combs and the electrostatic force generated becomes a 
function of constant inter digit side gaps. In reality, however, 
imperfect manufacturing steps lead to system parameter 
uncertainties and introduce asymmetries in the motion of the device 
[1]. Moreover, presence of fault directly affects the symmetrical 
motion and pushes the device toward instability. LCR is modeled 
as a second order mass-spring-damper system and moves in lateral 
x-direction. The value of system parameters namely, the mass, 
spring constant and damping coefficient contain uncertainties, 
which represent the imperfect manufacturing steps in micro scale. 
Moreover, in applications which large displacements are 
anticipated, a fault could result in asymmetric motions in the 
system. In this case, the force generated is affected by the rotation 
of the shuttle and the ideal force function is no longer applicable. 
The rotation of the shuttle makes the gap closing uneven; and the 
shuttle motion will be in both x- and y- directions. This un-uniform 
closer of the gap would result in extra pull-in force production in 
both x-and y-axes. This phenomenon introduces the pull-in voltage 
in the x-axis of the device similar to MEMS parallel plate actuators 
which puts the device in instable conditions [2]. More explanations 
on this matter are in the problem definition section. In gyroscope 
applications, a number of LCRs are required to be controlled to 
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follow the same pattern and resonate coherently. In this case, there 
is a need to precisely control the device regardless of uncertain 
parameters and to be able to follow desired trajectories. 
Conventional controllers [3] can control the movement of simple 
devices, but knowledge of accurate system parameters and their 
dependency on operating conditions [4] [5] is required.  Therefore, 
LCR applications demand the use of more sophisticated controllers 
[6] [7] [8]. 

Variable Structure Controllers (VSC) were developed in the 
early 1950s in the Soviet Union in order to stabilize the control 
systems [9]. Applying sliding mode theory to variable structure 
control introduces sliding surfaces, which separate regions of 
operation into sliding and non-sliding parts. Switching surfaces 
determine the sign of the structure of the controller due to their sign 
changing [10]. Generally, the variable structure controllers are 
robust, perform well under parameter uncertainties and noise [10] 
[11].  They also perform tracking well under transient periods of 
operation [12] [13]. Parameters of Lateral Comb Resonator are 
identified using the self-tuning techniques. This method builds up 
the best representation for the system model. The combination of 
the Self-Tuning and Variable Structure Controller (STVSC) 
provides both an accurate model of the system and a robust 
switching controller [14]. Furuta [11] has introduced the 
application of the variable structure controller to the unknown plant 
using the minimum variance and least square technique.  

In this paper, we discuss the uncertainties in the parameters of 
microsystem and describe the shuttle rotation and pull-in voltage 
effect due to a fault in LCR. Two different types of LCRs are 
designed and fabricated to experimentally test these effects. First 
device models the manufacturing uncertainties and contains 
additional mass fabricated on the shuttle of LCR. Second fabricated 
device demonstrates the point fault adhesion and pull-in voltage 
effect. The Self-Tuning Variable Structure Controllers are used to 
control the LCR with uncertainties and faulty conditions. 
Experimental results show the effectiveness of the control of LCRs.  

II. MEMS MECHANICAL MODELING 
A typical Lateral Comb Resonator consists of a moving stage 

also known as shuttle, stationary combs, and suspension springs on 
both sides.  This LCR can be modeled as a mass spring damper 
which is a second order system. Usually MEMS devices operate 
according to the electrostatic force principle which is generated by 
applying two identical DC voltages onto the stationary combs at 
both sides of the LCR. A time-varying voltage (typically a sine 
wave) is applied to the shuttle to provide enough force for the 
device to follow a certain trajectory and to perform a specific task. 
The ideal electrostatic force depicted in (1) is a function of applied 
voltages and geometry of the device, however there are many other 
phenomena that affect the force value that are not considered in this 
electrostatic force equation [3]. The ideal force is  
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where eF is the electrostatic force, n is the number of fingers on one 

side, ε  is the permittivity of air, t is the length of a finger, g is the 
gap between fingers, sb VV , are applied stator and shuttle voltages 

respectively. Furthermore, there are forces that are contributed due 
to imperfect fabrication steps such as the roughness of the 
surface/edges of the polysilicon, which is the effect of thermal 
operations, acid releasing and etching steps. Moreover, humidity 
and phenomena such as capillary forces result in the stiction and 
wearing of the polysilicon, which affect force generation of the 
device. The force is also a function of the electric field distortion or 
fringing which by itself is a function of surface roughness and 
geometry of the plates. Therefore, the force generated is an 
uncertain quantity of uncertain parameters in addition to unknown 
variables. A simple mass-spring-damper model for the system can 
be written as: 

dse FykyymF +++= 2��� β                           (2) 

 
where m  is the mass of the center comb (shuttle), y is the 

displacement, sk is the spring constant of one side, β is the 

damping coefficient, dF is the force due to the load. In driving of 

microstructure applications (such as connecting beam to rotating 
gears), the load can be applied directly to the shuttle.  

As mentioned earlier the parameters of the device are affected by 
manufacturing process as well as operating conditions and 
environment. Roughness on the surface due to misalignment of the 
device during fabrication [26] also contributes significantly to field 
fringing. Roughness leaves the surface unsmooth and the fact that 
electric field is perpendicular to the surface disturbs the field 
uniformity. Therefore, there are field gradient which generate non-
uniform electrostatic force in micro scale. 

Damping coefficient of the device is a function of the air 
viscosity and the geometry of the plates facing each other. In 
Lateral Comb Resonators, damping coefficient is also related to 
penetration depth of airflow above the shuttle [3] [24]. 

Some manufacturing steps such as photolithography require 
exact alignments and UV exposure techniques in addition to the 
etching and releasing of the bare areas that are not covered by 
photoresist material. These steps are highly dependent on time of 
exposure, alignments and release process. Therefore, in fabrication 
of precise parts such as suspension springs, fabrication tolerances 
result in crucial parameter variations. The spring constant of 
suspension springs is very sensitive to the width, and its geometry, 
thus manufacturing processes imperfections result in uncertain 
values of spring constants even if they are manufactured on the 
same silicon wafer under the same condition.  

Under these uncertainties explained above, we introduce  

dse FykyymF ˆˆ2ˆˆˆ +++= ��� β                           (3) 

 
where (^) denotes uncertain values of the associated parameters. 
The fact is that the desired system should operate similar to (2) 
whereas the manufactured device which behaves differently alike 
(3). Then, the main purpose is to design a controller in which 
regardless of highly uncertain and unknown process phenomena of 
MEMS, be able to control the device and perform tracking of a 
desired reference. The robust control techniques can be used for the 
known boundary uncertainties, whereas in this case there is no 
boundary defined for the parameter uncertainties. Occurrence of 

fault requires a highly robust controller against parameter 
uncertainty and might not be limited within a boundary.  

III. PROBLEM DEFINITION 
In some cases, the effect of fault in microsystem changes the 

symmetrical movement of the shuttle. For example, a particle 
attached underneath the suspension spring or a fracture on flexure 
arm could limit its movement on one side and result in rotation of 
the shuttle in its displacement path. To experimentally simulate 
such a fault, an adhesion point on spring beam was fabricated as 
shown in Figure 1.  Figure 2 shows the shuttle rotation along the 
point adhesion on the suspension spring beam. In larger 
displacements, the shuttle rotates along the stiction point and 
touches the stationary combs. This makes the gap g in Eq. (1) 
varying along the x- and y-axes. Figure 3 shows schematics of one 
inter digit both with no fault and under faulty conditions. As shuttle 
displacement increases, the angle of rotation also increases. 
Therefore, shuttle comb fingers become closer to the stationary 
combs and make the system behave more like parallel plate 
actuators in gap closing on y-axis direction. This phenomenon 
causes a force generation along the rotated angle of the device, 
generating two force components on x- and y-axes. However, the y-
axis force component is canceled out in both sides of the shuttle 
comb fingers. On the other hand, the x-component force is added 
up to the electrostatic force and puts the device into unstable region 
of operation. 

 
Fig. 1. Point adhesion as fault on the beam of the suspension spring [27].  

 
Fig. 2. Schematic demonstration of the rotation of the shuttle in long 
displacement in the presence of the point fault adhesion. (For a better show 
of the shuttle rotation, the amount of rotation is exaggerated). 

 
Fig. 3. Rotation of the shuttle and the force generation in x and y-axes due 
to the adhesion point.  
 

Similar to parallel plate actuator, if the gap g2 is smaller than 2/3 
of the total gap g1, the device becomes unstable. These values are 
according to the amount of displacement of the device along the x-
axis. As a result, the force on x-axis is dependent on the distance of 
the plates and causes pull-in voltage [2] effects possible in LCRs 
along the x-axis. Since only the displacement on the x-axis can be 
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measured and the rotation angle depends on the displacement and 
springs folding, it adds another degree of uncertainty to the system 
parameters and causes instability.  In this case, the positive 
feedback of electrostatic force adds more complexities to the 
trajectory control. Under these conditions, STVSC is applied in two 
different trajectory control cases to show capabilities of the 
controller experimentally. 

IV. SELF-TUNING ESTIMATOR 
The self-tuning systems are type of controllers in which the 

controller parameters are adjusted according to the system’s input-
output sets. The type of estimator depends on the system’s 
dynamics. In systems with highly varying dynamics or systems with 
sub-dynamics, the gradient method is commonly used. As the sets 
of input-output change, the self-tuning estimator is updated in order 
to follow the zero estimation error.  In this paper, the gradient 
method of parameter estimation is used since the purpose is to 
control MEMS with high degree of parameter uncertainties and 
time varying parameters such as temperature and environmental 
conditions. The self-tuning gradient estimator for the state space 
equations of a general nth order system can be written as  
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where 
my is the hypothesized model’s output, and 

mU is the model’s 

input. 
pU and py are the related input-output values applied to LCR 

(plant). Pp BA ,  in general, are the plant system and input matrices 

respectively, and MM BA , are corresponding system and input 
matrices of the model. The differential input-output equation of the 
system is divided by a monic known polynomial in the same order 
as of the system, yielding filtered input-output signals that are 
shown as [15] 

wy .θ=                                       (5) 

where Tθ  is a n2 vector, containing the unknown coefficients, 
and w is a n2 vector containing filtered signals as  
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where 0A is a monic nth order polynomial with known 

coefficients ]...[ 110 −nααα and is called filtering polynomial. p is 

the Laplace operator. During the adaptation process, plant 
parameters are identified and the model is estimated. Considering 
estimated values as θ̂ , the estimated output is written as 
 

wy .ˆˆ θ=                                     (8) 
 

Deviation of the plant output from the estimated model output is 
called estimation error as following 
 

yye −= ˆ|                                         (9) 
 

Parameter adaptation technique is a function of the filtered signals 
and estimation error [15] shown in the following equation 
 

|0
ˆ weP−=θ
�

                                     (10) 
 

where 00 >P  is the adaptation gain. Considering the following 

Lyapunov function  

θθ ~~ TV =                                    (11) 
Yields  

0<V�                                         (12) 
Global stability of the self-tuning gradient estimator is therefore 

proven [16], where θ~ is the parameter estimation error. This 
assures that the zero estimation error of the estimator, which 
converges in a suitable adaptation time. e.g. 

 

0| →�∞→ et                             (13) 

V. SELF-TUNING VARIABLE STRUCTURE CONTROLLER 
In the previous section, system estimation technique was 

introduced and explained. In this section, fundamentals of variable 
structure controllers are described. Variable Structure Controllers 
are high-speed feedback systems that switch between two values.  
The purpose of the switching is to drive LCRs with unknown 
parameters to follow a specified trajectory called switching 
surfaces. The switching surface is also known as the sliding surface 
[16]. The first stage in designing a variable structure controller is to 
design a switching surface in which the LCR device can be 
controlled in its stable and unstable equilibrium points. Furuta [11], 
[12], [17] has shown that a sliding sector can be applied instead of 
the sliding surface with specific control law. The second stage is to 
design the switching control law to drive the LCR to follow a 
desired trajectory. In this regard, Liu Hsu et al [18] have introduced 
the variable structure controller without the need of derivatives of 
signals involved. In the following section the (VSC)’s control law 
and existence conditions are discussed according to their 
application in Micro Electro Mechanical Systems requirements. 

 

A. DESIGN OF THE SWITCHING SURFACE 
 

The existence conditions of the control law are presented in [11], 
[18] [20]. We assume that the conditions are held with the same 
matrices of the state space equation (4). In the STVSC, the model is 
estimated and updated recursively until the zero error conditions 
are obtained. The switching hypersurfaces, s , are hyperplanes [11] 
if  

0| == Ges                                (14) 

where G  is the gain-switching matrix and sliding mode surfaces 

are the set of ),...,( 1 n
T sss = . The design objective is to find the 

controller’s coefficient vectors and the switching matrix, in which 
the error goes to zero, that is [20] 

∞→
=

t

te 0)(lim |                                    (15) 

However, since the self-tuning estimator assures the zero 
estimation error, the sliding surface exists after the adaptation is 
completed. These two criteria provide further proof of the existence 
of the control law.  

 

B. CONTROL LAW 
 

The objective of the control is to find out the control command u 
in which the output of the system tracks the desired trajectory. In 

the same time, the self-tuning identifies the coefficients θ̂  in the 
system equation. In equation (4), the pairs of ),( PP BA and ),( MM BA  are 
controllable and MA  is a stable matrix. The VSC control law is 
described as [20] 

 

[ ] )sgn()( sUKyyKyKU MMPMePpP +−+=       (16) 
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where pK , eK and MK  are the controller’s coefficients, which are 

computed according to the sliding surface estimation error and sets 
of input-output values recursively, mU is input to the hypothetic 

model which is completed and updated according to the self-tuning 
estimator. The sliding surface is the interface of the adaptive 
estimation and the VSC.  Sliding mode happens at a suitable 
switching gain matrix where there can be found for the control law 
of the VSC. The calculation of the switching gain matrix and the 
controller parameter adaptation technique are described in the 
following. The controller gain adaptations are according to the 
following formula [21] 

ppp GAGBK 1)( −=                                   (17) 

)()( 1
pmpp AAGGBK −= −                        (18) 

mpp GBGBK 1)( −=                                  (19) 
 

which describes the gains as functions of the gain-switching matrix 
the system and model parameters. The estimation error is 
determined through the self-tuning algorithm and is used to 
perform the sliding surface and control command. The switching 
matrix design was introduced by Utkin and Yang [25] and can be 
explained in simple steps as following  
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where A11, A12, A21, and A22 are )()( mnmn −×− , mmn ×− )( , 
)( mnm −×  and mm ×  sub-matrices, respectively. 

Let 1211, ABAA =′=′ , then matrix G11 is defined as 
  

PBG T ′′=11                                      (21) 
where P′ is the solution of the algebraic Ricatti equation: 
 

0)()()( 1 =′+′′′′′−′′+′′ − QPBRBPPAAP TT          (22) 
In which Q′ and R′  are positive definite matrices, and the gain-

switching matrix is defined as 
[ ] 111 MIGG =                                     (23) 

where 1M is defined such that the following equation holds 
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with a non-singular B. 

VI.  FORMULATING FOR MEMS LATERAL COMB 
RESONATOR 

A. SELF-TUNING ESTIMATOR  
 

The transfer function of the LCR (2) system can be written as  
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where 1, pp ak and 2pa are unknown coefficients which are to be 

identified during the online parameter estimation process. The 
input-output matrix representation with the filtered signal vectors is 
[15] 

)(twy Tθ=                                    (26) 
where θ  is a 14 × vector containing the unknown values and w is a 

14 × vector containing the filtered input and output signals, 
identified by “*”, as 
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Therefore, the self-tuning estimator updates the system 
parameters as pk , 1pa , 2pa . Accordingly, the parameter adaptation 

law can be written as 

|
ˆ weΓ−=θ
�

                                   (28) 

where Γ is the estimator’s gain.  
 

B. DESIGN OF CONTROL LAW  
 

The state space expression of (2) can be written in a canonical 
form as follows: 
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Therefore, comparing (29) with (20), yields the following 
values: 

1,0 =′=′ BA , since the system is in the form of (20) the 
matrix IM =1 , then inserting the values into Ricatti equation (22) 
with QR ′′, being identity values, yields 

011100 =+′×××′−+ PP                       (30) 

12 =′P  
Taking the positive value and inserting into (21) results in the 

following values for the switching gain matrix: 
[ ] IIMIGG T === 1]1[111                                   (31) 

VII.  DISPLACEMENT FEEDBACK TECHNIQUE 
In order to provide the displacement feedback to the controller, 

the optical monitoring technique has been used to validate the 
precise displacement monitoring of the device [27].  Further 
information on this technique can be found in following references 
[22], [23], and [28]. 

VIII.  EXPERIMENTAL RESULTS AND DISCUSSION 

A. EXPERIMENT SETUP AND ROTATION MONITORING 
 

As shown in Figure 4, the overall experimental set up contains 
the wave guide laser generator with the optical motoring system 
and data recovery part which form the displacement feedback loop, 
a real-time control board type dSPACE PPC PS 1103 and the LCR  
actuator. 

 
Fig. 4. The experimental setup and signaling flow. The feedback signal is 
an electric signal. 
 

As mentioned earlier, the rotation of the shuttle cannot be 
observed using the through wafer monitoring technique, but on the 
other hand, the x-axis displacement, which causes the rotation of 
the shuttle and makes the device move toward the y-axis, can be 
chosen as an indicator of the rotation.  

Considering the linear relationship between the displacement 
along x-axis and rotation of the device, the related pull-in voltage 
distance along y-axis is linearly proportional to the displacement 
along x-axis with an amplification coefficient E , which is defined 
in the following. In other words, this roughly requires 1/3 of gap 
“g1” displacement to put the device in region of instability. Since 
the adhesion point makes rotations in the shuttle of LCR, farther 
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combs from the location of the fault on the shuttle make more 
displacements comparing to middle parts and closer combs to the 
fault location. Figure 5 shows displacement of the shuttle as 1xd and 

2xd  at the distance of 1r and 2r respectively. The displacement at 

distance r2 from the fault point is higher than what is recorded at 
the openings of the device. The amplification ratio is related to the 

distance from the adhesion point is equal to
1

2

r
r

E ≅ . For 

manufactured device, this ratio equals 2
350
700 =≅

µ
µ

E  meaning that 

the displacement at farthest comb to the fault point is 2 times 
longer than what is recorded through the optical monitoring system 
at the openings of the shuttle. 

 
Fig. 5. Shuttle rotation and point adhesion fault location, the displacement 
on different locations of the shuttle respect to the fault point is shown. The 
dimensions were exaggerated for a better demonstration. 
 

The length of the flexure is another important factor for the 
rotation of the device. For the same amount of rotation angle, 
longer flexures are displaced farther and consequently are placed 
closer to the shuttle fingers. The gap closing 2g  is related to the 
distance from the fault location and the rotation such as θrg =2 . 
For instance, in a 2-micron gap closing ( 2g ), the required rotation 
angle for the comb located at the mµ400 from the fault location 

is r026.0
400

19.10 =≅
µ
µθ . A 2-micron gap closing refers to the 10-

micron displacement along the x-axis and makes the 10.19-micron 
diagonal displacement. This value, as shown in Figure 5, is larger 
for farther combs. i.e. 22' gg > . 
 

B. EXPERIMENTS: 
 

The experiments were set for two main cases with normal mode 
of operation and faulty condition beyond the pull-in limits.  

In the first case, a device was designed and manufactured with 
an additional mass on the shuttle to model the fabrication 
uncertainties. The mass in the model was considered at the nominal 
value whereas the actual device had 5% higher mass value. The 
desired tracking reference is shown in Figure 6. As the figure 
shows, the tracking waveform follows the reference closely in 

healthy condition and with higher mass quantity on the fabricated 
LCR. The characteristics of the variable structure controllers and 
the self-tuning estimators provide a robust controller in which a 
LCR device with uncertain parameters due to added mass, aging 
and operating conditions can be controlled to track the desired 
reference. The control effort is shown in Figure 7 and is compared 
to the reference input. The control command is in the same range as 
that of the reference input with sign changes to control and tracking 
the reference displacement. Since the controller makes use of the 
adaptive self-tuning parameter estimation, there is no chattering 
problem observed in the output of the system. 

In stable region of operation, self-tuning part of the controller, 
recognizes the system parameters, provides the tracking error 
estimation during the control process which is fed back to the 
controller. The variable structure controller then generates suitable 
control command according to the control law (16). The adaptation 
rate of trajectory control for a low frequency reference is shown in 
Figure 8. As the figure shows, the output estimation and the desired 
reference are completely matched in a short time. The rate of the 
adaptation is directly related to the adaptation gain of the 
controller. 

In the second case (test of the faulty device), we have designed 
and fabricated an adhesion point fault on the suspension spring of 
the LCR as were shown in Figures 1 and 2. The effect of adhesion 
point fault limits the displacement of the device in addition to its 
resonant frequency variations. The device therefore operates at 
lower displacements and lower resonant frequencies. The output 
voltage of the hardware also limits the maximum displacement 
achievable from the device because according to higher stiffness of 
the springs of the system, higher force values are required. The 
tracking control results are shown in Figure 9. As mentioned 
earlier, the displacement at the critical comb (the farthest comb) is 
2 times longer than the displacement of the center comb. Total gap 
required for the pull-in limits is one third of the total gap or 0.7-
micron. This value in a linear transformation equals to 3.5-micron 
along the x-axis. Pull-in voltage limit therefore is at 1.67-micron 
shown with a dashed line in Figure 9. This means that any 
movement beyond this point is in unstable region of operation. The 
force generated therefore becomes much larger than that of the 
restoring energy of the suspension spring. Figure 9 demonstrates 
the capabilities of STVSR in controlling the small gap closing in 
LCRs. The control command in this case is shown in Figure 10. 
The controller changes the sign of the applied voltage to have the 
device pulled back to the region of stability and to follow the 
reference trajectory. 

 
Fig. 6. Tracking control and reference waveforms in terms of micrometer.  

 
Fig. 7. Control command and the reference voltage. 
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Fig. 8. Adaptation of the STVSC for a low frequency waveform. 

 
Fig. 9. Trajectory control of the faulty device. Fault was as a point adhesion 
on the suspension spring of Lateral Comb Resonator. Displacement is 2.1 
times larger for the farthest comb from the fault location. Dashed line 
shows the Pull-in voltage limit. 

 
Fig. 10. Control effort and the reference input in case of the point adhesion 
fault on the device. 

CONCLUSION 
We have shown that the asymmetric and faulty conditions might 

put LCRs in unstable region of operation and result in pull-in 
voltage effect. Self-Tuning Variable Structure Controllers (STVSC) 
were applied to control the healthy and faulty micro devices. In the 
healthy conditions, the fabricated device contained 5% additional 
mass on the shuttle of the comb resonator to model the fabrication 
process uncertainties. The point adhesion fault on the suspension 
spring of LCR was fabricated to show the shuttle rotation and pull-
in voltage effect. STVSC was designed and implemented in the 
real-time control board. The experimental results demonstrated the 
effectiveness of the controller for trajectory control applications 
under parameter uncertainties in a healthy device. The pull-in 
voltage was also tested to show capabilities of the controller in the 
case of fault occurrence in the system. The experimental results 
also demonstrate application of the STVSC to a trajectory control 
in unstable region of operation. 
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