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Abstract—Multiple-model adaptive estimation (MMAE) is a
well-known technique used for model matching of deterministic
parameter systems. This technique can be used in fault diagnosis
by allocating a model to each type of fault. In each contingency,
the model that represents the behavior of the actual system can
indicate the type of fault occurrence. Kalman filters are generally
used in modeling and residual-signal generation of time-invariant
systems. Slowly time-varying parameter systems, however, require
a system identification unit in addition to the model-matching
core. This paper utilizes the least square forgetting-factor tech-
nique in parameter identification of slowly time-varying systems
and combines it with MMAE for fault-diagnosis applications in
microelectromechanical-systems (MEMS) lateral comb resonators
(LCRs). Prescheduled faults were designed for simulations and
experimentally examined in real-time implementations of estima-
tion-based diagnosis technique for two fabricated MEMS LCRs.
It is shown that the application of a system identification unit
significantly increases the performance of the fault diagnosis in
MEMS devices.

Index Terms—Fault diagnosis, forgetting factor, microelectro-
mechanical-systems (MEMS) lateral comb resonators (LCRs),
multiple-model adaptive estimation (MMAE).

I. INTRODUCTION

MULTIPLE-MODEL adaptive estimators (MMAEs) gen-
erally reveal the behavior of linear time-invariant sys-

tems by weighting the output of several models simultaneously
according to input–output measurements and evaluating their
residual signals. Kalman filters are conventionally used in
modeling of time-invariant systems under different conditions.
The history of output variations (in the actual system) also
has a considerable effect on the performance of the model-
matching core. In uncertain or time-varying parameter systems,
techniques other than Kalman filters are required for model
matching and weight allocations. The effect of recent data (vari-
ations) must be controlled in order to accurately identify the
parameters of systems and result in high-performance model-
matching units.
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Some model-matching units introduce local states for local
models and accept possible transitions [1]. Graphical structures
are also applied to describe the transitions among models
which require a priori knowledge of the system [2]. Operating
systems, however, are modeled by different techniques such as
piecewise modeling, spline, and statistical approaches as well
as fuzzy and neural networks [3]–[7].

In slowly time-varying parameter systems, in addition to
the model-matching core, a separate unit is needed to iden-
tify the model parameters and its variations. The parameter
identification unit may be replaced with Kalman filter banks
in conventional MMAE configurations. Like Kalman filters,
the identification unit must factor in the noise in the system
and compute the output deviations to generate residual signals.
Since the history of the variations (i.e., the output of the actual
system) affects the performance of model matching, forgetting-
factor recursive least square (FFRLS) is applied to weight the
recent data appropriately and to identify the parameters of the
system accurately [8]. Thus, MMAE applied in time-varying
parameter systems will contain several system identification
units and one model-matching core.

In this paper, the main purpose is to design a system for fault
diagnosis of microelectromechanical systems (MEMS) devices.
Since the parameters of MEMS slowly vary over time, the
forgetting-factor technique is used. The system identification
unit (in the form of self-tuning blocks) and model-matching
core are combined for a second-order mass–spring–damper
system (model of MEMS). FFRLS is usually used for single-
input–single-output systems; however, for multiple-input and
multiple-output systems, a proper number of identifiers can
estimate the whole system parameters. The algorithm is imple-
mented experimentally for the fault diagnosis of two fabricated
lateral comb resonators (LCRs) and for intentionally simulated
faults during the operation. The results of the system identi-
fication and fault diagnosis are compared with those obtained
from Kalman filters without the application of a system identi-
fication unit.

II. SYSTEM MODELING

Different contingencies of the actual system are modeled
in the form of separate submodels. The actual system, which
can also be influenced by noise and parameter variations, is
expressed in state-space form as

x(ti) = Φx(ti−1) + Γu(ti−1) +Gw(ti)

z(ti) =Hx(ti) + v(ti) (1)
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Fig. 1. Multiple-model adaptive estimator using self-tuning banks.

where x(ti) is the state-space variable at time ti, Φ is the
system matrix with slowly varying parameters, Γ is the input
matrix, u is the input vector, G is the noise input matrix,
and z is the output measurement vector of the model. H is
the output matrix, w(ti) is a zero-mean discrete-time white
noise in the input, and v(ti) is a zero-mean discrete-time white
measurement noise in the output of the system. The variances of
system (Q) and measurement noise (R) are independent values,
which might change in each model, and are defined as

E
{
w(ti)wT(tj)

}
=

{
Q, ti = tj
0, ti �= tj

(2)

E
{
v(ti)vT(tj)

}
=

{
R, ti = tj
0, ti �= tj .

(3)

The parameters of model (1) can be adjusted according to
different conditions and parameter variation. For instance, an
estimation of the kth subsystem is expressed as

x̂k(ti) = Φ̂kx̂k(ti−1) + Γ̂ku(ti−1)

ẑk(ti) = Ĥkx̂k(ti) (4)

where (∧) sign indicates the matrices and state variables of
estimated values. Submodels, shown in Fig. 1, are connected
in parallel with self-tuning banks (containing the system-
identification algorithm); therefore, each submodel is repre-
sented separately in the form of (4). In other words, submodels
are specific representations of the system’s behavior under
different conditions. Parameter-identification blocks in the form
of self-tuning banks can also estimate the output of these
subsystems. Estimated output signals, when compared to the
output of the actual system, generate residual signals and are
used to compute the weights applied to the estimated state-
space variables.

III. THEORY DEVELOPMENT

A. Estimator Blocks (Self-Tuning)

The main purpose of a self-tuning unit is to estimate the
parameters and output of a system. In slowly varying parameter
systems, RLS technique is applied. A forgetting factor is uti-
lized where the history of variation affects the performance of
estimation.

Consider an autoregressive-moving-average system repre-
senting the kth subsystem which is expressed as

zk(ti+1) = b0u(ti) + · · · + bmu(ti−m)

−a1zk(ti) − · · · − anzk(ti−n+1) (5)

where ai’s are the coefficients of the denominator polynomial
(input polynomial), bi’s are the coefficients of the numerator
(output polynomial) of the system, and u, zk are the input and
output signals of the k subsystem, respectively. The unknown
parameter values of the system are listed in a vector as

θT = [b0b1, . . . , bm, a1a2, . . . , an]. (6)

The size of the unknown vector is l = m+ n+ 1, where
m+ 1, n represent the order of the numerator and denominator
polynomials, respectively. The model’s input–output sets can
be expressed as a regressor matrix as

hT(ti) = [u(ti)u(ti−1), . . . , u(ti−m),−zk(ti),

−zk(ti−1), . . . ,−zk(ti−n+1)] . (7)

The system can be represented in a compact form as

zk(ti+1) = hT(ti)θ(ti). (8)

The estimated output is obtained by substituting an estimate
of parameter values θ̂(ti) in (8) as

ẑk(ti+1) = hT(ti)θ̂(ti). (9)
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Estimated parameters of the system are carried out recur-
sively, utilizing the RLS identification algorithm as [9]

θ̂(ti+1) = θ̂(ti) + η(ti)h(ti)
{
1 + hT(ti)η(ti)h(ti)

}−1

×
{
z(ti+1) − hT(ti)θ̂(ti)

}
(10)

where η(t) is the covariance matrix which is defined and
updated as

η(ti+1) = η(ti) −
{
1 + hT(ti)η(ti)h(ti)

}−1

×{
η(ti)h(ti)hT(ti)η(ti)

}
. (11)

Applying the FFRLS, time-varying parameters are estimated
by introducing the forgetting factor λ as follows [9]:

θ̂(ti+1) = θ̂(ti) + η(ti)h(ti)
{
λ+ hT(ti)η(ti)h(ti)

}−1

×
{
z(ti+1) − hT(ti)θ̂(ti)

}
. (12)

Applying the forgetting factor to the covariance matrix η(t)
gives

η(ti+1) =
1
λ

[
η(ti) −

{
λ+ hT(ti)η(ti)h(ti)

}−1

×{
η(ti)h(ti)hT(ti)η(ti)

} ]
(13)

where 0 < λ < 1 is the forgetting factor.
Residual signals, which are defined as differences be-

tween the actual system’s output and those of submodels, are
obtained by

rk(ti) = y(ti) − Ĥkx̂k(ti). (14)

B. MMAE (Model Matching)

The hypothesis-testing algorithm (the weight-allocation unit)
continuously monitors the residual-signal variations. If the esti-
mated outputs in any of the subsystems match the output of the
actual system, the mean value of that residual signal becomes
zero. In this case, the covariance matrix of that system can be
computed as [10]

ψk = ĤkPkĤ
T
k (15)

where Pk is recursively updated by

Pk(ti+1) = ĜkQĜ
T
k + Φ̂kPk(ti)Φ̂T

k − Φ̂kPk(ti)Ĥk

×
[
R+ ĤkPk(ti)ĤT

k

]−1

ĤkPk(ti)Φ̂T
k . (16)

The conditional probability density function for the kth
subsystem, when considering the measurement signal’s history,
Z(ti−1) = [zT(t1), . . . , zT(ti−1)], is expressed as [10]

fẑ(ti)|h,Ẑ(ti−1)
(ẑi|hk, Ẑi−1) = βk exp{•} (17)

Fig. 2. (a) LCR manufactured by WVU. (b) Mass–spring–damper schematic
model of LCR.

with

βk =
1

(2π)l/2|ψk|l/2
(18)

where l is the size of the output matrix and

{•} =
{
−1

2
rTk (ti)ψ−1

k rk(ti)
}
. (19)

The conditional probability (Pr) values for the kth system is
defined as

pk(ti) = Pr
{
h = hk|Ẑ(ti) = Ẑi

}
. (20)

This value can also be computed by

pk(ti) =
fẑ(ti)|h,Ẑ(ti−1)

(ẑi|hk, Ẑi−1) · pk(ti−1)
K∑

j=1

fẑ(ti)|h,Ẑ(ti−1)
(ẑi|hj , Ẑi−1) · pj(ti−1)

. (21)

The conditional probability functions make use of an a priori
sample to compute the current values and are normalized over
the sum of conditional probabilities in all subsystems [10]. The
largest of all the probability values, allocated to a particular
system, is an indicator of validity of that subsystem. In case the
probability values change rapidly and make the output of the
subsystem unpredictable, the output should be compared with
a threshold [10] (for more information on the computations of
the threshold, please see [11]).

IV. MEMS LCRS

In this section, the MMAE unit, equipped with self-tuning
banks, is applied for fault diagnosis of MEMS LCRs. The
structure of these devices and their governing equations has
been investigated in [12]–[21].

In this section, an LCR is briefly introduced for the conve-
nience of readers. A typical LCR consists of a moving stage
(also known as a shuttle), stationary combs, and suspension
springs located on the sides [Fig. 2(a)]. The LCR can be
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TABLE I
FAULT SCENARIO AND PARAMETER VARIATIONS

modeled as a mass–spring–damper system [Fig. 2(b)] in a
second-order differential equation as

Fe = mÿ + βẏ + 2ksy (22)

where m is the mass of the center comb (shuttle), y is the
displacement, ks is the spring constant on one side, and β is the
damping coefficient. Considering the parameter uncertainties
and the effect of fault on the parameter variations of the device,
a discrete state-space representation of an LCR is

x(q + 1) = Φx(q) + Γu(q) (23)

where q is the time step. The main purpose is to track the
parameter variations and to find an effective way of monitoring
the behavioral changes in MEMS.

V. FAULT DIAGNOSIS OF MEMS

A. Diagnosis and Simulation

In order to simulate the fault-diagnosis technique in MEMS
devices, a fault scenario containing different parameter varia-
tions was designed. The fault scenario contained a sequence of
events as follows (also see Table I):

1) healthy (normal) operation for 2000 samples;
2) +5% mass variation for 1000 samples;
3) +10% mass variation for 1000 samples;
4) +5% spring-constant variation for 1000 samples;
5) +10% spring-constant variation for 1000 samples;
6) +30% change in damping coefficient for 1000 samples;
7) return to normal condition after 2000 samples.
These series of events occur consecutively and cover com-

mon types of parameter variations in microsystems.
The FFRLS estimation algorithm was initialized by P =

1e8∗I4×4 with forgetting factor of λ = 0.86 (which is obtained
by trial and error). Fig. 3 shows the diagnostic performance in
each step of the fault scenario by allocating a probability value
to each of the models. Higher probability values (i.e., closer to
one) indicate a match of the system to that particular subsystem.
For instance, in step 1) (from the scenario), the system operated
under normal conditions, and simulations confirm this fact by
allocating a high probability to the subsystem number one. As
shown, other probability values are negligible.

The speed of transitions from one step to another and
probability variations during the operation of a model are all
indicative of diagnostic performance. As Fig. 3 shows, there
is no significant delay observed during transitions, and the
probability is smooth in operation of the model.

Initializing the system identification at different forgetting
factors results in different diagnosis profiles. At higher for-

Fig. 3. Conditional probability values according to the fault scenario with
FFRLS at λ = 0.86, P = 1e8 ∗ I .

Fig. 4. Conditional probability values according to the fault scenario with
FFRLS at λ = 0.9, P = 1e8 ∗ I .

getting factors, distortions were observed in transitions among
models. As shown in Fig. 4, at λ = 0.9, the diagnosis pro-
file shows distortion in transition from steps 2 to 3 of the
fault scenario (+5% and +10% mass-change cases). How-
ever, the self-tuning banks could estimate the parameters given
the existence of noise in the system, and the fault-diagnosis
algorithm could identify the rest of the variations properly
with a short transition time. There was no significant de-
lay observed in transitions among other steps of the fault
scenario.
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Fig. 5. Conditional probability values according to the fault scenario with
FFRLS at λ = 0.98, P = 1e8 ∗ I .

TABLE II
ESTIMATED PARAMETERS OF TWO FABRICATED SYSTEMS

Increasing the forgetting factor to higher values resulted in
a short history of data for the conditional probability density
functions and initiated delays in weight computations.

As shown in Fig. 5, the fault diagnosis was completely dys-
functional at λ = 0.98, wherein wrong diagnosis was observed
in steps 1) and 4) and steps 6) and 7).

Taking into account the level of noise in the system and
the rate of parameter variations, satisfactory transitions and
precise parameter estimation were observed in the range of
0.86 < λ < 0.9. Values outside of this boundary changed the
history of data and caused distortions in transitions. Self-tuning
banks could successfully estimate the subsystem parameters
and output signals at a suitable forgetting-factor value and result
in a robust decision-making unit under various conditions.

B. Diagnosis and Experiment

The parameter-identification technique using FFRLS was
used to experimentally identify the parameters of two fabricated
LCRs. Parameters of these devices were intentionally designed
differently in order to test the abilities of the model-matching
core equipped with identification units.

In the design of the LCR devices, spring constants were
different; however, after fabrication, due to imperfect manu-
facturing steps, there was also a variation observed between
the damping coefficients of the devices. The parameters of
these fabricated devices are listed in Table II, which indicate an
almost identical mass, 130% variation in spring constant, and
83% variation in damping coefficient.

The LCR devices were sequentially excited by the same
waveform, and their outputs were recorded separately. These
signals (outputs) were joined together to form a fault in the
system. The fault was scheduled to occur at the 1886th sample

TABLE III
SELF-TUNING SYSTEM IDENTIFICATION RESULTS FOR LCR SYSTEMS 1

AND 2 USING FORGETTING FACTOR λ = 0.8

Fig. 6. Weight allocation and conditional probability densities from test of
two fabricated LCRs. Switching from systems 1 to 2 is shown at λ = 0.8.

point in the resulting output. Interested readers on optical meth-
ods and data recovery involved in the displacement recording
are referred to [22]–[25].

Parameter identification units revealed two sets of discrete
state-space equations for two fabricated LCRs at λ = 0.8 (see
Table III). Parameter identification shows the same diagonal
values in the system matrix, although the effects of parameter
variation are better observed in the off-diagonal values of this
matrix.

Applying MMAE technique and self-tuning estimators to-
gether resulted in the weight allocations and probability compu-
tations shown in Fig. 6. As the figure shows, the highest weight
was allocated to system 1 in the early steps of the first part
of the test, which means that the actual system was similar to
subsystem 1. At the fault point (sample 1886), the weight began
shifting toward system 2, and the transition was completed in
a short time. There was no significant variation observed in
the calculated weights before the moment of fault in the first
part. After the fault, system 2 had higher weight and probability
values, demonstrating the operation under fault. Thus, MMAE
and self-tuning together could successfully identify the multiple
parameter variations resulting from a fault in the system.

Fig. 6 also shows the benefit of applying a system identi-
fication unit along with the model-recognition core. As shown,
Kalman filters could recognize the fault in the system; however,
the diagnosis operation contained a long delay at the start point
and at the point of fault. Therefore, it is clear that application
of parameter identification units in fault diagnosis improves the
performance of fault diagnosis in MMAE technique.

VI. CONCLUSION

The application of MMAE technique in time-varying para-
meter systems was illustrated in this paper. The overall system
consisted of a model-matching core and several estimation
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units. The model-matching core weighted the output of subsys-
tems to find the subsystem that best represented the actual sys-
tem’s behavior. History of output variation directly influenced
the diagnostic performance; thus, forgetting-factor parameter-
estimation technique was applied to control and weigh recent
data. Application of parameter estimators in MMAE was ex-
perimentally verified by fault diagnosis of fabricated MEMS
LCRs. The performance of fault diagnosis was significantly
improved by application of parameter estimation units along
with a model-matching core.
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