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Name: Score: /100

You must show ALL of your work for full credit.
This exam is open-book.
Calculators may NOT be used.

1. As a function of time, the number of emails arriving at a the WINLAB mail server is N(t),
a Poisson stochastic process. In any 20 second interval, the expected number of arrivals is
2.

(a) What is the arrival rate, λ, of the process?

By Definition 10.9 we know that the expected number of arrivals

of a Poisson random process in an interval ∆t is λ∆t, so for the

given process we must have λ = 2/∆t = 2/20 = 1/10 per second.

(b) Observe the process for 10 seconds. The number of emails arriving in 10 seconds is a
random variable, M. What is the PMF of M?

By definition of a Poisson random variable we have, as in (10.16)

and substituting our value of part (a) for λ, the following

distribution

PM(m) =

{

e−1

m!
m = 0, 1, 2, . . .

0 otherwise
(1)

(c) What is the probability of observing more than one query in the first 20 seconds?

For a twenty second interval we have the distribution

PM(m) =

{

2me−2

m!
m = 0, 1, 2, . . .

0 otherwise
(2)

The probability of observing more than one query in the first 20

seconds is then

P [M > 1]1 − PM(0) − PM(1) = 1 − e−2 − 2e−2 = 1 − 3e−2 (3)
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2. The duration of a phone call is an exponential random variable with expected value 3
minutes. All phone calls have independent durations. In a one-week period someone
makes 16 calls. The total calling time is a random variable T (in minutes).

Actually, this question is from Chapter 6, so should not have been on
the practice exam.

(a) What is the expected duration µT of all calls combined?

Define random X to be the duration of a phone call. We are
given that E[X] = 3. Then T = 16X so µT = E[16X] = 16E[X] =
16(3) = 48.

(b) What is the variance of the duration of all calls combined?

The calls being independent, the variance of the sum is the sum
of the variances (by Theorem 6.3) so Var [T ] = 16Var [X]. For an
exponential random variable, Var [X] = 1/λ2 where λ = 1/E[X] so we
have that Var [T ] = 16(1/9).

(c) Use the central limit theorem to estimate the probability that the duration of all calls
combined will be more than one hour.

The probability that T > 60 is approximately 1 − Φ
(

60−48
4/3

)

.

(d) Use the central limit theorem to estimate the probability that the duration of all calls
combined will be between 39 and 51 minutes.

The probability that 39 < T < 51 is approximately Φ
(

51−48
4/3

)

−Φ
(

39−48
4/3

)

.
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3. If, for the random variable Y with expected value µY = −4, Chebyshev’s inequality states
that P [−10 < Y < 2] ≥ 0.5, what is the variance of Y ?

We want to apply Chebyshev’s inequality that says that

P [|Y − µY | ≥ c] ≤ Var [Y ]

c2
. (4)

We have P [−10 < Y < 2] ≥ 0.5. We start by adding µY to every part of

the inequality to get P [−10 − (−4) < Y − µY < 2 − (−4)] ≥ 0.5. We see

that we can rewrite this as P [|Y − µY | < 6] ≥ 0.5. This still doesn’t

quite match the form of Chebyshev’s inequality so we note that P [|Y −
µY | < 6] = 1 − P [|Y − µY | ≥ 6]. We substitute this into the original

inequality to obtain

1 − P [|Y − µY | ≥ 6] ≥ 0.5 (5)

We then add P [|Y − µY | ≥ 6] to both

sides and subtract 0.5 from both sides of the inequality to obtain

P [|Y − µY | ≥ 6] ≤ 0.5 =
Var [Y ]

36
(6)

which, solving for Var [Y ], yields Var [Y ] = 18.
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4. V is a Gaussian random variable with µV = 0, and Var [V ] = 64.

(a) For the sample mean of 100 independent samples of V , what is the largest value of c

that satisfies the inequality P [|M100(V )| ≥ c] ≤ 0.05?

This one requires a lot less work because we are starting with
something closer to the form of Chebyshev’s inequality. We note
that by Theorem 7.1, E[M100(V )] = E[V ] and Var [M100(V )] = Var [V ]/100.
Substituting, we obtain 0.05 = 64/(100c2), which we can solve for c
to obtain c = 8/

√
5.

(b) For the sample mean of n independent samples of V , what is the smallest value of n

that satisfies the inequality P [Mn(V ) < 1] ≥ 0.9?

Here, we have to notice that there are no absolute value in the

inequality. We then use the symmetry of the Gaussian distribution

to reason as follows.

P [Mn(V ) < 1] = 1 − 1

2
P [|Mn(V )| ≥ 1] (7)

where we are using also that µMnV = 0 as above. We now have

0.9 ≤ P [Mn(V ) < 1] = 1 − 1

2
P [|Mn(V )| ≥ 1] (8)

or

P [|Mn(V )| ≥ 1] ≤ 2(1 − 0.9) = 0.2 (9)

We know that the left hand side of the inequality is bounded above

by (V [V ]/n)/c2 where c = 1 so the inequality will be true if

Var [V ]

n(12)
≤ 0.2 (10)

so we need n ≥ ⌈0.2/64⌉, where the notation on the right hand side
means ‘‘the smallest integer greater than 0.2/64’’.
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5. The duration of an ordinary (voice) phone call is an exponential random variable with
expected value 3 minutes. The duration of an Internet (modem) call is an exponential
random variable with expected value 15 minutes. Based on the random variable, T, the
duration of one phone call, perform a test to decide whether the call is a voice call (H0)
or a modem call. (H1). The probability of a voice call is 0.6.

(a) If the acceptance region for H0 is A0 = {T < 10 minutes}, what is the probability of
a false alarm?

A false alarm corresponds to rejecting the null hypothesis H0

when it is, in fact true. We are given that the acceptance

region A0 in the problem statement. With this acceptance region,

we would reject the null hypothesis if the value of T greater

than or equal to 10, i.e. if the call lasts at least 10 minutes,

and would say the call was a modem call. Thus we must calculate

the probability that a voice call lasts at least 10 minutes, using

the fact that for an exponential random variable, E[T ] = 1/λ. Our

answer is thus

P [reject H0 |H0 true] = 1 −
∫ 10

0

1

3
e−t/3dt = e−10/3. (11)

(b) If the acceptance region for H0 is A0 = {T < 10minutes}, what is the probability of
a missed detection?

A missed detection corresponds to accepting H0 when, in fact, H1

is true. We accept H0 if the call lasts less than 10 minutes so

the probability of missed detection is the probability that a

modem call lasts less than 10 minutes, which is

P [accept H0 |H1 true] =
∫ 10

0

1

15
e−t/15dt = 1 − e−10/15. (12)

(c) If the acceptance region for H0 is A0 = {T < 10minutes}, what is the probability of
an error?

The probability of error, (which is given by (8.7), is the

probability of Type I error, which we calculated in (a), times the

probability that the call is a voice call (P [H0]) plus the

probability of Type II error, which we calculated in part (b),

times the probability that the call is a modem call. Thus

PERR = 0.6e−10/3 + 0.4(1 − e−2/3) (13)

(d) If the acceptance region for H0 is A0 = {T < t∗ minutes}, PMISS = 0.2. What is t∗?

We solve

PMISS = P [A0|H1] = P [T < t∗| call is from a modem] = 0.2 (14)
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for t∗ in the following steps. Rearranging

0.2 =
∫ t∗

0

1

15
e−t/15dt = 1 − e−t∗/15 (15)

yields

e−t∗/15 = 1 − 0.2 = 0.8 (16)

and taking the natural log of both sides yields

−t∗/15 = ln 0.8 (17)

or

t∗ = −15 ln 0.8 (18)
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6. Random variable W is the sum of a signal V and noise N . V and N are independent. V

has a uniform PDF with limits -1 and +1. N has a uniform PDF with limits -0.5 and
+0.5. What is the covariance of W and V ?

Since the authors wrote W instead of W (t), we assume that W, V , and

N are random variables rather than stochastic processes. Notice that

both µV and µN and hence also µW are zero. In this case, by

Definition 4.4, we have

Cov [W, V ] = E[(W − µW )(V − µV )] (19)

= E[(V + N)V ] (20)

= E[V 2 + NV ] (21)

= E[V 2] + E[NV ] (22)

= (1 − (−1))2/12 + (1 + (−1))/2 + E[NV ] (23)

= 1/3 + E[N ]E[V ] (24)

= 1/3. (25)

To obtain the second line from the first we noted that the means are
zero and substituted for W. To obtain the fourth from the third we
noted that the expectation of a sum is the sum of the expectations.
To obtain the fifth from the fourth we used the expressions for the
variance and expected value of a uniform random variable (see
Appendix A). To obtain the sixth from the fifth we used that the
signal and noise are independent. To obtain the seventh from the
sixth we used again that the means of the signal and noise are both
zero.
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7. Stochastic process W (t) is the sum of a signal process V (t) and noise process N(t). V (t)
and N(t) are independent. V (t) is Gaussian with mean µV (t). N is Gaussian with mean
µN (t).

(a) What are the autocovariances and autocorrelations of V (t) and W (t)?

First let’s look at V (t). The autocovariance is, by Definition

10.12, CV (t, τ) = Cov [V (t), V (t + τ)]. The autocorrelation is, by

Definition 10.13, RV (t, τ) = E[V (t)V (t + τ)]. Not having any

additional information about V (t), that is all we can say. Now

let’s look at W (t). The autocovariance is

CW (t, τ) = Cov [W (t), W (t + τ)] = Cov [V (t) + N(t), V (t + τ) + N(t + τ)].

Again using Definitionn 4.4, we can rewrite this as

CW (t, τ) = E[(V (t)+N(t)−µV (t)−µN(t))(V (t+τ)+N(t+τ)−µV (t+τ)−µN (t+τ))]
(26)

We could rewrite this as a sum of terms, two of which would be RV (t, τ) and
RN (t, τ), using the independence of the signal and noise processes. The result
would be, after some algebra,

CW (t, τ) = RV (t, τ) + RN (t, τ) − µV (t)µV (t + τ) − µN(t) + µN(t + τ) (27)

(b) Under what conditions is W (t) stationary?

By Definition 10.14, the process W (t) is stationary if for any set

of time instants t1, . . . , tm and any τ,

fX(t1),...,X(tm)(x1, . . . , xm) = fX(t1+τ),...,X(tm+τ)(x1, . . . , xm) (28)

(c) What is the cross-correlation of V (t) and W (t)?

By Definition 10.17, the cross-correlation is

RV W (t, τ) = E[V (t)W (t + τ)] (29)

(d) Under what conditions are W (t) and V (t) jointly wide-sense stationary?

By Definition 10.18, W (t) and V (t) jointly wide-sense stationary

if

i. both W (t) and V (t) are wide-sense stationary, and

ii. the cross-corellation depends only on the time difference τ,
i.e. RV W (t, t + τ) = RV W (0, τ) = RV W (τ).

(e) State the conditions on W (t) and V (t) required for you to be able to compute
the power spectral density. Assume that these hold and compute them.

The required condition is that W (t), respectively V (t) is wide-

sense stationary. In this case, we can use the Fourier transform

table to compute the PSD from the autocorrelation. However, I

didn’t give expressions for the autocorrelation so that’s all we

can say here.
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(f) State the conditions on W (t) and V (t) required for you to be able to compute
the cross-spectral density. Assume that these hold and compute it.

The required condition is that W (t) and V (t) be jointly wide-sense

stationary. In this case, we can use the Fourier transform table

to compute the CSD from the cross-correlation. However, I didn’t

give an expression for the cross-correlation so that’s all we can

say here.




