
ECE569 Fall 2017 Partial Solution to Problem Set 8

These problems are from the textbook by Spong et al.1, which is the textbook for the ECE580
this Fall 2017 semester. As such, many of the problem statements are taken verbatim from the
text; however, others have been reworded for reasons of efficiency or instruction. Solutions are
mine. Any errors are mine and should be reported to me, skoskie@iupui.edu, rather than to the
textbook authors.

7-7 Consider a 3-link Cartesian manipulator. I will orient the links so that the first link variable
q1 corresponds to displacement along the inertial frame axis z0, the second link variable q2
to displacement along z1, which is parallel to the inertial frame axis y0, and the third link
variable q3 to displacement along z2, which is parallel to the inertial axis x0. (Answers will
depend on the order in which directions are chosen.) The corresponding DH parameters
are given in Table 1.

Table 1: DH Parameters for 3-Link Cartesian Manipulator

Link ai αi di θi
L1 0 −π/2 d∗1 0
L2 0 −π/2 d∗2 −π/2
L3 0 0 d∗3 0

* indicates joint variable

We are given that the links are uniform rectangular solids of length ` = 1, width w = 1/4
and height h = 1/4, with mass m = 1. Thus the volume of each link is 1/16 and the
density is ρ = 16.

(a) Link inertia tensors The link inertia tensors are calculated as indicated in Ex-
ample 7.2, using the formulae following equation (7.46) on page 252 of the textbook.
The density of the links is m/(h`w) = 16. Because each link is symmetric, the cross
products of inertia will be zero. The principle moments of inertia for each link are
m/12(w2+h2) = 2/192 = 1/96, m/12(h2+`2) = 17/192, andm/12(w2+`2) = 17/192.
These were calculated by hand and verified with the following matlab code for the
first link.

>> 16*int(int(int(y^2+z^2,y,-1/8,1/8),z,-1/8,1/8),x,-1/2,1/2)

ans =

1/96

>> 16*int(int(int(x^2+y^2,y,-1/8,1/8),z,-1/8,1/8),x,-1/2,1/2)

ans =

17/192

>> 16*int(int(int(x^2+z^2,y,-1/8,1/8),z,-1/8,1/8),x,-1/2,1/2)

ans =

1Spong, M., S. Hutchinson, and M. Vidyasagar, Robot Modeling and Control, John Wiley & Sons, 2006.
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17/192

>>

For the first link, in which the motion is along the z0-axis,

J1 =

 17/192 0 0
0 17/192 0
0 0 1/96

 .
For the second, whose motion is along the y0-axis we have

J2 =

 17/192 0 0
0 1/96 0
0 0 17/192

 ,
and for the third link whose motion is along the x0 axis, we have

J3 =

 1/96 0 0
0 17/192 0
0 0 17/192

 .
(b) Inertia matrix D(q) Each link is prismatic, so

D(q) =
3∑

i=1

miJvi(q)
TJvi(q)

where

Jv1 =
[
z0 0 0

]
=

 0 0 0
0 0 0
1 0 0

 ,
Jv2 =

[
z0 z1 0

]
=

 0 0 0
0 1 0
1 0 0

 ,
and

Jv3 =
[
z0 z1 z2

]
=

 0 0 1
0 1 0
1 0 0

 ,
so

D(q) =

 m1 +m2 +m3 0 0
0 m2 +m3 0
0 0 m3

 =

 3 0 0
0 2 0
0 0 1

 .
(c) Compute the Christoffel symbols The inertia matrix is constant so all partial

derivatives of the dij with respect to any qi are zero, hence the Christoffel symbols
are all zero and thus C(q, q̇) = 0.

(d) Equations of motion The g(q) term is the partial of the potential energy with re-
spect to the vector of generalized coordinates. g1 = ∂P

∂q1
= g(m1 + m2 + m3), and

the other elements of the vector are zero, so g(q) =

 g(m1 +m2 +m3)
0
0

 . Thus,

we have determined all the terms involving the generalized coordinates in the matrix
equations of motion

D(q)q̈ + C(q, q̇)q̇ + g(q) = τ,

where the generalize forces are actually forces, say f1, f2, and f3.

c©2017 S. Koskie


