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Name: Solution Score: /100

This exam is closed-book.

• You must show ALL of your work for full credit.

– Please read the questions carefully.

– Please check your answers carefully.

• Calculators may NOT be used.

– Please leave fractions as fractions, but simplify them, etc.

– I do not want the decimal equivalents.

• Cell phones and other electronic communication devices must be turned off and
stowed under your desk.

• Please do not write on the backs of the exam or additional pages.

– The instructor will grade only one side of each page.

– Extra paper is available from the instructor.

• Please write your name on every page that you would like graded.
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(25 points) Method of Steepest Descent Algorithm and Application

1. State the update algorithm for the method of steepest descent. Make sure that
you have not left any variables undefined.

Solution:

x(k+1) = x(k) − αk∇f(x(k))

where

αk = arg min
α≥0

f(x(k) − α∇f(x(k)))

2. Apply the method of steepest descent to the minimization problem

min f(x)
subject to x ∈ Ω

where f(x) = 1 + 2x+ 3x2, and Ω = Rl . Use x(0) = 0 and find α0. Find x(1).

Solution:

We will need several quantities:

∇f(x) = 2 + 6x,

∇f(x(0)) = 2,

so

x(0) − α∇f(x(0)) = −2α,

and

f(−2α) = 1 + (−2α) + 3(−2α)2 = 1− 2α + 12α2.

Now we let φ(α) = f(−2α) and find the minimizing α0 of φ(α). First,

dφ

dα
(α) = −2 + 24α.

Equating the derivative to zero and solving for α0, we obtain from
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dφ

dα
(α0) = −2 + 24α0 = 0,

that α0 = 1/6. This is nonnegative, so it is an acceptable minimizer

...if the Hessian evaluated at α0 is positive.

d2φ

dα2
(α0) = 24 > 0,

so we have indeed found the minimizer. Finally we calculate x(1),

x(1) = x(0) − 1/6(2 + 6x(0)) = −1/3.
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(20 points) Newton’s method for optimization of scalar functions

1. State the update algorithm for Newton’s method.

Solution:

x(k+1) = x(k) − f ′(x(k))/f ′′(x(k)), f ′′(x(k)) 6= 0.

2. Consider the minimization problem

min f(x)
subject to x ∈ Ω

where f(x) = 1 + 2x + 3x2, and Ω = Rl . Use x(0) = 0 and apply Newton’s
method to find x(1).

Solution:

We need the following:

f ′(x) = 2 + 6x,

f ′(x(0)) = 2,

f ′′(x) = 6,

f ′(x(0)) = 6.

Then

x(1) = x(0) − f ′(x(0))/f ′′(x(0)) = −2/6 = −1/3.

Note that we would not, in general, expect to get the same x(k+1) from

the steepest descent and Newton’s algorithms.



ECE580 Fall 2015 Solution to Midterm Exam 1 October 23, 2015 5

(5 points) Quadratic Forms Give 2× 2 examples of

1. a positive definite matrix

2. a positive semidefinite matrix that is not positive definite

3. an indefinite matrix

4. a negative definite matrix

Solution:

The simplest way to determine the definiteness of a matrix is to find

the eigenvalues. If all positive, the matrix is positive definite; if

all nonnegative, the matrix is positive semidefinite. Note that that

means that positive definite matrices are also positive semidefinite.

If all eigenvalues are negative, the matrix is negative definite; if all

nonpositive, the matrix is negative semidefinite. If a matrix has both

positive and negative eigenvalues it is indefinite.

A diagonal matrix has its eigenvalues on its diagonal, so the simplest

choice for our examples is to provide diagonal matrices with appropriate

eigenvalues. Note that the simplest positive definite matrix is the identity

I; the simplest negative definite matrix is −I.
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(25 points) Geometry Sets, set boundaries, and set interiors, convexity

1. State the definition of a boundary point of a set.

Solution:

A point x is a boundary point of a set S if every neighborhood of

x contains a point in S and a point not in S. (When S is a connected

region of Rl n, any neighborhood of a boundary point x, will contain

infinitely many points in S and infinitely many not in S. This is

a property of the real numbers.)

2. State the definition of an interior point of a set.

Solution:

A point x ∈ S is an interior point of the set S if the set S contains

a neighborhood of x.

3. Consider the set C = {x : x1 ≥ 0, x21 + x22 < 1}.

(a) Complete the mathematical description of the set of boundary points of C:

Solution:

∂C = {x : x1 = 0,−1 < x2 < 1} ∪ {x : x1 ≥ 0, x21 + x22 = 1}.

(b) Complete the mathematical description of the set of interior points of C:

Solution:

o

C = {x : x1 > 0, x21 + x22 < 1}

(c) Consider the set A = {x ∈ Rl 2 : x1 = 0}. Show that A is or is not convex.

Solution:

Let u, v be arbitrary points in the set A. Then u1 = 0 and v1 =
0. Let w = αu+ (1− α)v. Then w1 = u1 + v1 = 0, so w ∈ A so A
is convex.
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(20 points) Sufficient and Necessary Conditions Be sure to define all terms and be
as complete as possible.

1. State the SOSC for interior points.

Solution:

For a C1 function f : Ω → Rl , where Ω ⊂ Rl n, if, at an interior

point x∗ of Ω, ∇f(x∗) = 0 and F (x∗) > 0, then x∗ is a strict local

minimizer of the function f.

2. State the FONC for general (not just interior) points.

Solution:

Let Ω ⊂ Rl n and C1 function f be real valued on Ω. If x∗ is a local

minimizer of f over Ω, then for every feasible direction d,

dT∇f(x∗) = 0.

3. State the definition of the the term feasible direction.

Solution:

A nonzero vector d ∈ Rl n is a feasible direction at x ∈ Ω if there

is an α0, such that for all α ∈ [0, α0],

x+ αd ∈ Ω.
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(5 points) Short Questions All answers require justification.

1. In analyzing the application of gradient algorithms to quadratic functions, what
use was made of the variable γk. You need not give a formula for calculating
γk.

Solution:

Lemma 8.1, defines

V (x) = f(x) +
1

2
x∗TQx∗,

where

f(x) =
1

2
xTQx− bTx,

and asserts that the iterates of the steepest descent algorithm satisfy

V (x(k+1)) = (1− γk)V (x(k).

A formula is given for γk. The proof establishes that except when

γk = 1, at which the search for a minimizer is over, γk < 1. Thus
if γk > 0, the value of V (x(k)) is decreasing and so f, which differs

from V by only a constant, is also decreasing.

2. Is the sequence {e−k cos k}∞k=0 decreasing?

Solution:

No, the sequence is not decreasing. The sequence approaches zero

as k increases without bound. While the first and second terms x(0),
and x(1) are positive, the third is negative.

The factor e−k is always positive so we need not examine it further.

Since 1/(2π) < 1/6, cos 1 is in the first quadrant, hence positive.

On the other hand, 2/(2π) = 1/π is around 1/3, so cos 2 is in the second

quadrant and thus negative. Since the limit is zero, we conclude

that there is a k such that cos k increases from its value at k = 2
towards zero.

3. Is the sequence {e−k sin k}∞k=0 convergent?

Solution:
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By definition, a sequence of real numbers {xk}∞k=0 converges to a value

x∗ if for any ε > 0, there exists an N such that for all k > N,

|xk − x ∗ | < ε. Noting that 0 ≤ | sin k| ≤ 1, we now show that the

sequence convergent to zero. As

|e−k sin k| = |e−k|| sin k| ≤ |e−k| = e−k < ε,

if

−k < ln ε

i.e.

k > − ln ε.

Thus choosing N ≥ d− ln εe suffices to guarantee that

|e−k sin k − 0| < ε.

4. Name three desirable properties for algorithms to have.

(a) convergence

(b) short run time

(c) low computational demands

(d) accuracy

(e) etc.
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