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The text in italics is extracted from Luenberger, David G., Introduction to Dynamic
Systems: Theory, Models, and Applications, New York: John Wiley & Sons, 1979, pp.
300-307. The rest of the text follows the general development of Luenberger, but has been
completely rewritten to streamline the presentation.

8.10 Observers

Many sophisticated analytical procedures for control design are based on the assumption
that the full state vector is available for measurement. These procedures specify the current
input value as a function of the current value of the state vector-that is, the control is a
static function of the state. Mathematically, of course, there is very good reason for this
kind of control specification. The system evolves according to its state vector equations,
and thus intelligent control, influencing future behavior, should be based on the current
value of the state. A simple but important example of such a control procedure is embodied
by the eigenvalue placement theorem presented in Section 8.9. In that case, the complete
flexibility in specification of the characteristic polynomial assumes that all state variables
can be measured.

In many systems of practical importance, however, the entire state vector is not avail-
able for measurement. In many physical systems, for example, measurements require the
use of costly measurement devices and it may be unreasonable to measure all state vari-
ables. In large social or economic systems, measurements may require extensive surveys
or complex record-keeping procedures. And, in some systems, certain components of the
state vector correspond to inaccessible internal variables, which cannot be measured. In
all these situations, control strategies must be based on the values of a subset of the state
variables.

When faced with this rather common difficulty, there are two avenues of approach.
The first is to look directly for new procedures that require fewer measurements-either
restricting the choice of static feedback functions or developing more complex (dynamic)
feedback processing procedures. The second (simpler) approach is to construct an approx-
imation to the full state vector on the basis of available measurements. Any of the earlier
static control procedures can then be implemented using this approximate state in place of
the actual state. In this way the relatively simple and effective control procedures, which
assume that the state is available, are applicable to more general situations.

We recall that a system is completely observable if by observation of the system outputs
the value of the initial state can be deduced within a finite time period. In our earlier
discussion of observability, the required calculation was treated rather indirectly. Within
the present context, however, it is apparent that such calculations become a matter of
practical significance. Effective control can be dependent on the results.

It is shown in this section that the state (or an approximation to it) can be conveniently
computed by a device known as an observer. The observer is itself a linear dynamic system.
Its input values are the values of measured outputs from the original system, and its state
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vector generates missing information about the state of the original system. The observer
can be regarded as a dynamic device that, when connected to the available system outputs,
generates the entire state.

Trivial Observer

The most obvious approach to estimating the state of a known system

ẋ(t) = Ax(t) + Bu(t) (1)

is to create a copy
ż(t) = Az(t) + Bu(t) (2)

whose state provides an estimate z(t) of the original system’s state x(t). (We know the
input u(t), so we can apply it to the copy as well as to the original system.) The simplicity
of this method has a downside, however. If the initial state of the copy matches that of
the original system exactly, i.e. z(0) = x(0), the copy will provide the exact value of the
state of the initial system. However, if the initial states do not match exactly, the error
evolves according to

ė(t) = [ż(t) − ẋ(t)] = A[z(t) − x(t)] = Ae(t). (3)

If the matrix A is Hurwitz (has all eigenvalues in the left half plane) then the error will
decay to zero. On the other hand, if any eigenvalue of A has positive real part, a nonzero
error initial error will lead the error to tend to infinity.

Identity Observer

Clearly, we need a somewhat more sophisticated approach to observer design. We will
consider the more general situation in which a fully-observable, linear, time-invariant
system has state x(t) of length n, input u(t), and output y(t) of length p with state and
output equations

ẋ(t) = Ax(t) + Bu(t) (4)

ẏ(t) = Cx(t). (5)

The more general case in which the output also depends on the input, y(t) = Cx(t) +
Du(t), can be addressed in the same manner as outlined here. We address the simpler
case for readability.

The output y(t) gives us information about the state of the system, even if somewhat
indirectly. In particular, we can augment the trivial observer above by incorporating a
term depending on the difference between the observed and expected output. We obtain,
for some n × p matrix L, the following structure:

ż(t) = Az(t) + L[y(t) −Cz(t)] + Bu(t). (6)
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It is clear that unless p = n, the observer gain matrix L is needed in order to obtain a
term of the correct dimension. We expect that the choice of the observer gain matrix
will also affect the dynamic behavior of the state estimate and thus the state error. Our
observer has a slightly more complicated structure in that it has two input vectors, u(t)
and y(t), but we hope to obtain better dynamic response.

Substituting for the output vector, we obtain the differential equation describing the
observer error:

ė(t) = ż(t) − ẋ(t) = [A − LC][z(t) − x(t)] = [A − LC]e(t). (7)

Now, we have an observer whose dynamical behavior can be adjusted by adjusting the
observer gain L. In particular, the initial observer state need not match the initial system
state, so long as the observer gain is chosen such that all eigenvalues of the matrix A−LC

are in the left half plane. Even better, we can adjust the rate at which the observer error
goes to zero by adjusting the values of the observer gain to adjust the locations of these
eigenvalues.

Reduced-Order Observer

The identity observer appears to offer a thoroughly satisfactory solution to our need for
estimates of states that are not directly measurable. It allows us to obtain estimates
whose error tends asymptotically to zero. Its structure is simple and its function easily
understood. What more could we ask?

Now suppose that the length n of our state vector is large, and that n−p is small. The
computational load required to provide estimates of all n variables may be larger than
acceptable (remember that A is n × n, so the number of computations increases with n2

not just n.

We again consider the system

ẋ(t) = Ax(t) + Bu(t) (8)

ẏ(t) = Cx(t). (9)

but this time we will use the measurements to obtain p of the elements of the state vector,
and construct an estimator of order n − p instead of n. In this construction, we assume
that C has full row rank p and, as before, that the system is fully observable.

We will apply a transformation matrix P to the state x(t) to reorder and transform
the states such that

[

w(t)
y(t)

]

= x̃(t) = Px(t) =

[

T

C

]

x(t). (10)

The existence of a matrix T that yields a nonsingular transformation matrix P is guar-
anteed by the condition that C has full row rank p.
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In order to determine how best to achieve desirable properties in our reduced order
observer, we now derive the dynamical equations of the state estimates and the error. We
start by considering the state equation of x̃, partitioning the matrices A and B in the
obvious manner to obtain

[

ẇ(t)
ẏ(t)

]

=

[

A11 A12

A21 A22

]

+

[

w(t)
y(t)

]

+

[

B1

B2

]

u(t). (11)

As in the earlier construction of the identity observer, we select a matrix gain L which
multiplies the output vector y. Considering the matrix differential equations for w(t) and
y(t) separately, we construct the state equation of the difference w(t)− Ly(t), obtaining
first

ẇ(t) − Lẏ(t) = (A11 − LA21)w(t) + (A12 − LA21)y(t) + (B1 − LB2)u(t), (12)

then rearranging to obtain

ẇ(t)−Lẏ(t) = (A11−LA21)[w(t)−Ly(t)]+[A11L−LA21L+A12−LA22])y(t)+(B1−LB2)u(t).
(13)

Defining v(t) = w(t) − Ly(t), we obtain

v̇(t) = (A11 − LA21)v(t) + [A11L−LA21L + A12 − LA22])y(t) + (B1 − LB2)u(t). (14)

The vector v(t), of length n− p, represents the unknown part of the state, which evolves
according to the dynamics specified by A11 − LA21 and the inputs u(t) and y(t).

To estimate v(t), we construct an identity observer of order n − p,

ż(t) = (A11 − LA21)z(t) + [A11L− LA21L + A12 − LA22])y(t) + (B1 − LB2)u(t). (15)

The reduced-order estimator error is now

ė(t) = ż(t) − v̇(t) = (A11 − LA21)[z(t) − v(t)] = (A11 − LA21)e(t) (16)

and we see that the error dynamics are also determined by the matrix A11 − LA21.

All that’s left is to figure out how to obtain the estimate ˆ̃x(t), which we can then
transform back to our original coordinates by applying the transformation P−1.

Recalling our definition of v(t) = w(t) − Ly(t), we see that we should let

ˆ̃x(t) =

[

ŵ(t)
y(t)

]

=

[

z(t) + Ly(t)
y(t)

]

. (17)


