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Explanation of Wonham’s Theorem 2.2 and its Proof1

Consider the system

ẋ(t) = Ax(t) +Bu(t), t ≥ 0,

with linear state feedback

u(t) = Fx(t) + v(t).

Notation

Let C = Cg ∪· Cb be a symmetric partition of C.

We can factor the minimal polynomial of A in accordance with this partition, as

α(λ) = αg(λ)αb(λ)

and define corresponding subspaces

Xb(A) := Kerαb(A) and Xg(A) := Kerαg(A).

Then αb and αg being coprime,
X = Xb ⊕Xg,

so any x ∈X can be written uniquely as x = xb ⊕ xg where xb ∈Xb(A) and xg ∈Xg(A).

Writing Xg for Xg(A) and Xb for Xb(A), let

Q : Xb ⊕Xg →Xb

be the natural projection. Then Q : x 7→ xb, and X /Xg 'Xb.

Theorem 2.2

∃F : X → U such that σ(A+BF ) ⊂ Cg.

m

Xb(A) ⊂ 〈A|B〉.

Proof

First, suppose that
Xb(A) ⊂ 〈A|B〉.

We will produce a feedback F that places the eigenvalues of the closed loop system in the good
part of the complex plane, i.e. such that σ(A+BF ) ⊂ Cg.

1Wonham, Murray. Linear Multivariable Control: A Geometric Approach, 3rd edition. Springer Verlag, 1985.
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Define new maps

Ab = A|Xb, (1)

Bb = QB. (2)

Since Xb(A) ⊂ 〈A|B〉, the pair (Ab, Bb) is controllable. This means that the eigenvalues of
Ab + BbF can be placed arbitrarily, so in particular, there exists an Fb : Xb → U that places
all the eigenvalues of (Ab +BbF,Bb), i.e. σ(Ab +BbF ) ⊂ Cg.

Now define more new maps

F = FbQ, (3)

Ag = A|Xg. (4)

Then the restriction of the closed loop map to the good subspace satisfies (A+ BF )|Xg = Ag.
Also, by the definitions of Ab, Bb, and Fb,

Q(A+BF ) = (Ab +BbFb)Q (5)

so the map induced by A+BF on Xb is similar to Ab +BbFb, and so has the same eigenvalues.
Thus

σ(A+BF ) = σ(Ag) ∪· σ(Ab +BbFb) (6)

because σ(Ag) ⊂ Cg by definition and we showed that we could choose Fb so that the bad
eigenvalues of the open loop transformation Ab were mapped to good eigenvalues, i.e. σ(Ab +
BbFb) ⊂ Cg so σ(A+BF ) ⊂ Cg.

Next we show that
Xb(A) 6⊂ 〈A|B〉

implies that
∀F : X → U , σ(A+BF ) 6⊂ Cg.

(We are not truly considering all possible F but rather the class of those that are sufficiently
well behaved for our purposes.)

Define R := 〈A|B〉, and consider the projection P : X →X /R.

Define Ā to be the map induced by the map A on the factor space X̄ := X /R. The minimal
polynomial ᾱ of Ā can be factored as ᾱ(λ) = ᾱb(λ)ᾱg(λ). As ᾱb and ᾱg are necessarily coprime
we can decompose our factor space into

X̄ = Ker ᾱb(Ā)⊕Ker ᾱg(Ā) (7)

and then express any coset as x̄ = x̄b ⊕ x̄g.

If Xb(A) 6⊂ 〈A|B〉, then there is a nonzero x such that αb(A)x = 0 but x 6∈ R. Then if
x̄ = Px, x 6∈ R means that x̄ 6= 0 in X̄ but ᾱb(Ā)x̄ = 0. But by (7), ᾱb(Ā)x̄ = 0 implies
ᾱb(Ā)x̄g = 0. But then x̄g is in the kernels of both ᾱb(Ā) and ᾱg(Ā) whose intersection is zero.
Thus x̄g = 0 and x̄ = x̄b. But x̄b is by definition in Ker ᾱb(Ā) so Ker ᾱb(Ā) 6= 0. By Lemma 2.3,
Ker ᾱb(Ā) 6= 0 implies that σ(Ā) ∩ Cb 6= ∅. So since

A+BF = Ā ∀F,
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σ(A+BF ) ∩ Cb 6= ∅ so σ(A+BF ) 6⊂ Cg and since ᾱb divides αb and ᾱg divides αg, we have
shown that

σ(A+BF ) 6⊂ Cg.

Thus we have proved Theorem 2.2.
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